Predicting from first-principles calculations whether mixed metallic elements phase-separate or form ordered structures is a major challenge of current materials research. It can be partially addressed in cases where experiments suggest the underlying lattice is conserved, using cluster expansion (CE) and a variety of exhaustive evaluation or genetic search algorithms. Evolutionary algorithms have been recently introduced to search for stable off-lattice structures at fixed mixture compositions. The general off-lattice problem is still unsolved. We present an integrated approach of CE and high-throughput ab initio calculations (HT) applicable to the full range of compositions in binary systems where the constituent elements or the intermediate ordered structures have different lattice types. The HT method replaces the search algorithms by direct calculation of a moderate number of naturally occurring prototypes representing all crystal systems and guides CE calculations of derivative structures. This synergy achieves the precision of the CE and the guiding strengths of the HT. Its application to poorly characterized binary Hf systems, believed to be phaseseparating, defines three classes of alloys where CE and HT complement each other to uncover new ordered structures.
Introduction
Predicting the stable structures of alloys from their components is a major challenge of current materials research.
1,2 Most fundamentally, we should be able to predict whether at thermodynamic equilibrium two elements form ordered structures or phase-separate when mixed. Several well-known empirical and semiempirical methods have been devised for determining phase stability and compound structures in binary metallic systems. They include the Hume-Rothery rules, 3 the Miedema formation enthalpy method, 4 Pettifor maps, 5 and the Zunger pseudopotential radii maps. 6 These methods produce results largely consistent with existing experimental data and have helped direct a few successful searches for unobserved compounds. 7 However, they offer a limited response to the challenge of identifying new compounds.
Ab initio methods explore the phase stability landscape of alloys by calculating the formation enthalpies of a large number of possible structures, identifying the minima at various component concentrations. A minimum free-energy convex hull is constructed from these minimum energy structures. The two major methods of this type are cluster expansion (CE) 8,9 and high-throughput ab initio calculations (HT). [10] [11] [12] The CE explores structures on specific types of lattices, while the HT explores experimentally known structures representing all crystal systems. The CE allows fast screening of a large set of possible structures limited to a specific configuration space (i.e., superstructures of a parent lattice). It may find derivative superstructures missed by the HT but would fail where structures of different lattice types are revealed by HT calculations. CE calculations have been used with exhaustive evaluation or genetic search algorithms to determine ground-state structures in fixed-lattice systems.
13-15 The HT approach is practically limited to a smaller number of structures but can reveal compounds with unsuspected lattice types (e.g., an alloy of two hcp elements having a bcc-derived ground state), while missing some favorable structures of a specific type. Recent HT studies include more than 170 structures 12 and use correlations to accelerate the search.
11 HT can also be used when the system is poorly characterized, so there is no established information regarding the underlying lattice for the CE search. A few recent † Duke University. ‡ 
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There is currently no satisfactory approach to identifying stable structures of arbitrary composition in binary alloys where the constituent elements or the intermediate ordered structures have different lattice types.
In this paper, we present an integrated approach of CE and HT calculations that resolves their respective drawbacks. In contrast to the previous methods, where trial structures emerge from simple empirically based guesses or evolutionary algorithms, [13] [14] [15] [16] [17] [18] we use the HT approach to evaluate structures from all crystal systems and guide CE calculations of derivative structures. The evolutionary search is replaced by direct HT calculation of a database of naturally occurring prototypes, taking advantage of the "search" already performed by nature. This approach achieves the precision of the CE and the guiding strengths of the HT. We demonstrate its effectiveness by finding stable compounds in a few Hf alloy systems experimentally reported to be phase-separating. 20, 21 These results emphasize the complementary strengths of the CE and HT methods and the need for using both in searching for new stable compounds in metallic systems. In addition to the phase stability in the bulk, the integrated approach maps metastable phases (i.e., phases slightly above the convex hull) that may be relevant for the thermodynamic discussion at the nanoscale, where size-dependent chemical potentials 22, 23 are capable of driving a system toward unexpected configurations having different catalytic properties.
24,25 Such a quantum mechanical description of a variety of metastable natural configurations should be a powerful guide for the rational development of metallic nanocatalysts.
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Evolutionary algorithms may be used in conjunction with this approach to improve the efficiency of the CE search (as in refs 14 and 18) or to expand the structure database for the HT search beyond experimentally known structures. However, their practical role in the search for new binary compounds should be expected to be minor because the experimentally available structure database is extensive and has been shown to provide a reliable basis for HT studies of binary systems.
12 A larger role for evolutionary algorithms may be expected in multicomponent systems where performing such HT studies is a formidable task that has not been tried yet, and the experimentally available database may not represent the entire structure space as comprehensively as in the binary case.
The transition metals of the IIIB and IVB columns of the periodic table are good candidates to demonstrate the advantages of the integrated method. Their binary alloys are all reported as phase-separating, and the available experimental data are very sparse and limited to high temperatures. 20, 21 In particular, the data on Hf binary alloys are available only above 700, 800, and 1000°C for Ti, Zr, and Sc, respectively. 20, 21 We found no data about the Hf-Y system. All of these elements have an hcp structure, making them perfect for CE investigation. We included the alkaline metal magnesium in this study because it is an hcp element and its binary system with hafnium is also believed to be phase-separating. 20,21 These metals have ample technological applications. For example, hafnium and zirconium are used in alloys designed to withstand high temperatures, high pressures, and corrosive environments, which are used in aerospace applications, medical implants and devices, and control and safety mechanisms of nuclear reactors. 27 
Methods
The HT computations of the low-temperature stability of these five Hf binary systems were carried out using the HT framework AFLOW 12, 28 and ab initio calculations of the energies with the VASP software 29 with projector augmented wave (PAW) pseudopotentials 30 and the exchange-correlation functionals parametrized by Perdew, Burke, and Ernzerhof for the generalized gradient approximation. 31 The energies were calculated at zero temperature and pressure, with spin polarization, and without zero-point motion or lattice vibrations. All crystal structures were fully relaxed (cell volume and shape and the basis atom coordinates inside the cell). Numerical convergence to about 1 meV/atom was ensured by a high-energy cutoff (30% higher than the maximum cutoff of both potentials) and dense 6000 k-point Monkhorst-Pack meshes; 312 structures were considered for every binary system. They included the 176 structures described previously 12,32 and the prototypes A5, A6, A7, A8, A9, A11, B20, C36, D5 19 Cluster expansions were constructed for the four systems indicated to be compound-forming by the HT search. In the initial iteration, the CE fits were constructed using structures from the HT data, approximately 30 structures for each system and lattice. The CE fits were further refined and verified in an additional iteration, by including first-principles calculations for an additional 5-10 structures identified by a comprehensive enumeration of derivative structures. 15 Truncation of the cluster expansions was performed using an evolutionary algorithm 34, 35 and a leave-manyout cross-validation scheme, as implemented in the UNCLE code.
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Results and Discussion
The five binary systems studied here were previously reported as phase-separating, but our calculations show that four are actually compound-forming at low temperatures. In three of these systems, Hf-Mg, Hf-Ti, and Hf-Zr, the new compounds are not hcp-derived structures. The ground state found in the Hf-Mg system is CdTi, which is not an hcp-derived superstructure nor a geometrical superstructure of the bcc or fcc lattices (see ref 12). Such a ground state is impossible to find with CE even when expansions of multiple parent lattices are performed, as shown in Figure 1 . Another off-lattice ground state, the C32 structure (prototype AlB 2 ), was found in the Hf-Ti and Hf-Zr systems. In the Hf-Sc system, two hcpderived compounds, Hf 5 Sc and Hf 2 Sc, were found by the HT search, and the CE found several more ground states with lower formation enthalpies. The HT and CE results for these four binary systems are shown in Figures 1-3 . The HT formation energies for the various structures are denoted by white squares. The HT convex hulls of minimum energy structures are shown. The breaking points on these hulls are the predicted stable compounds. Figure 1 shows the CdTi ground state found by the HT calculations for the Hf-Mg system. The CE results, denoted by red, green, and blue squares for the hcp-, bcc-, and fcc-derived structures, respectively, mostly lie above the tieline between the pure elements. Although Hf and Mg are both hcp elements, some bcc-like superstructures have a lower formation enthalpy than the hcp superstructures, all of which have a positive formation enthalpy. Hence, the standard CE approach of considering only the common parent lattice of the pure elements would fail to identify the ordering. The lowest bcc structure, B11 (γ-CuTi) at x ) 0.5, was found by both HT and CE searches. In Figure 2 , it is clearly shown that the CE predicts phase separation in the Hf-Ti and Hf-Zr systems. All of the structures derived from the common parent lattice of the pure elements (hcp) lie above the elements' tie-line. The bcc-and fcc-derived CE results lie even higher above the line and are not shown. Clearly, the CE method fails in the prediction of the miscibility and determination of the ground state. In Figure  3 , it is shown that the CE convex hull of the Hf-Sc system reproduces the compound-forming nature unveiled by the HT results and indicates lower-energy structures. The lowest is the 
Conclusion
We propose a synergy of the HT and CE methods to identify stable phases of optimal lattice types across the entire composition range of binary alloys. An HT analysis of the system must be performed initially to determine whether the system is miscible or not. Three scenarios arise in cases of miscibility. Scenario I: HT calculations yield new ground states in the original lattice, and the CE refines them, finding even lowerenergy structures (represented in this study by the Hf-Sc system). Scenario II: HT calculations find an off-lattice ground state and several low-energy structures on a different lattice and guide the CE to look for additional ground states on other lattices (e.g., the Hf-Mg system). Scenario III: HT calculations find an off-lattice ground state that the CE cannot reproduce (Hf-Ti and Hf-Zr in this study). This is the most challenging case because the CE is inapplicable and the search is limited by the completeness of the HT structure library. However, it has been shown that the probability of reproducing the correct ground state with a moderate HT database is very high (η* ∼ 96.7, eq 3 in ref 12). It should be even higher in the present case due to the larger database. We thus employ the complementary strengths of the CE and HT methods and circumvent their weaknesses. The HT serves as a sampling algorithm of a wide range of naturally selected structure types that can find favorable off-lattice structures and guide the CE screening to reveal derivative structures. The effectiveness of the integrated approach is demonstrated in this study by identifying new hafnium compounds.
